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1 Introduction

1.1 Dynamical Systems

Let M be a set. A transformation of the space M is simply a map f : M — M. The
transformation f is said to be invertible if f is a bijection and therefore its inverse f~! can
be defined so that fo f~! = f~'o f =Identity. Any two transformations f, g : M — M can
be applied in sequence to give the composition go f : M — M defined by go f(x) = g(f(z)).

Definition 1. An invertible Dynamical System on M is a group of transformations of
the space M under composition. A non-invertible Dynamical System is a semi-group of
transformations of the space M under composition.

Example 1. The simplest abstract example of a Dynamical System is given by an arbitrary
map f : M — M. We can then define the family of maps {f"},en where we define
f° =Identity and f™ is the n’th iterate of the map f defined inductively by the relation
f™ = fo f"! Then it is easy to see that this family forms a semi-group of transformations
of M since it is closed under composition, f**™ = f"o f™, and f° is the identity or neutral
element of the semi-group. If f is invertible, then the inverse f~! is defined and so are its
iterates f~" = f~'o f~(=1 and therefore we can define the family {f"},cz which is easily
seen to be a group under composition. These dynamical systems are sometimes referred
to as dynamical systems with discrete time because they are parametrised by the sets N
and Z which are discrete.

Remark 1. Other semigroups and groups of transformations arise naturally in different
settings. For example the flow defined by an Ordinary Differential Equation is a family
{¢'Her which forms a group under composition and is therefore an example of a family of
transformations in continuous time. Even more general families can be studied for example
with complex time, parametrised by C. or other parametrised by more abstract groups.
In these notes we will focus on the case of dynamical systems in discrete time since there
are some very explicit examples and they already contain an extremely rich variety of
structures.

In the study of Dynamical Systems we often think of M as a “phase space” of possible
states of the system, and the dynamical system as the ”evolution” of the system in time.
The most basic and fundamental notion in the theory of dynamical system is that of the
orbit or trajectory of a point or wnitial condition xy under the action of the system.

Definition 2. For any x € M we define the forward orbit or forward trajectory of x by

O™ (z) = {f"(x) }nen

If the dynamical system is invertible we define the full orbit or full trajectory by

O(x) := {f"(2)}nez



The notion of an orbit formalises the evolution of an “initial condition” x € M. Notice
that the orbit of x is just a sequence of points where zy = z, 11 = f(2), 20 := f*(z) =
f(f(z)) = fo f(x) and generally x,, := f"(x) = fo---o f(z) given by the n’th composition
of the map f with itself.

Remark 2. If f is not invertible, the inverse f~! is not well defined as a map, though for
any n > 1 we can still define the sets

fMx)={yeM: f"(y) =z}

and call this set the n’'th preimage of the point x.

1.2 Topological structures

One of the main goals of the theory of Dynamical Systems can be formulated as the
description and classification of the structures associated to dynamical systems and in
particular the study of the orbits of dynamical systems. The very simplest, and perhaps
one of the most important kinds of orbits is the following.

Definition 3. Let f: M — M be a map. x € M is a fized point for f if

f(@) =

If z is a fixed point for f, then it is easy to see that it is a fixed point for every forward
iterate of f and therefore a fixed point for the dynamical system generated by f. In this
case then the forward orbit reduces to the point z, i.e. OF(z) = {z}.

Ezercise 1. Let f be invertible and suppose that z is a fixed point. Show that z is a
fixed point for f~! and conclude that O(z) = {x}. Show that if f is not invertible then
z € f~!(x) but f~'(x) may also contain a point y # .

Definition 4. x € M is a periodic point for f if there exists k > 0 such that
fi(z) =z
The minimal £ > 0 for which the above condition holds is called the minimal period of x.

If x is a periodic point with minimal period k then the forward orbit of the point z is
just the finite set OF (z) = {z, f(x), ..., f¥"1(x)}. Notice that a fixed point is just a special
case of a periodic orbit with £k = 1 and that any periodic orbit with period k is also a
periodic orbit with period any multiple of k.

FEzercise 2. Show that the forward orbit OF(x) of a point z is a finite set if and only if =
is a periodic orbit.

Fixed and periodic orbits are very natural structures and a first approach to the study
of dynamical systems is to study the existence of fixed and periodic orbits. Such orbits
however generally do not exhaust all the possible structures in the system and we need
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some more sophisticated tools and concepts. If the orbit of x is not periodic, then O (x)
is a countable set and the problem of describing this set becomes non-trivial (in practice
even describing a periodic orbit can be non trivially in specific situations, especially if the
orbit is large, but at least in these cases it is at least theoretically possible to describe
it completely by identifying the finite points on the orbit). Generally we need to have
additional properties on the set M. For example if M is a topological space then we can
talk about the accumulation points of the orbit of x which describe in some sense the
"asymptotic” behaviour of the orbit of x.

Definition 5. The omega-limit set of a point x € M is

w(z) :={y: f"(z) — y for some sequence n; — co}.
If f is invertible we define the alpha-limit set as

a(z) :={y: f " (x) = y for some sequence n; — co}.

Ezxercise 3. Show that if x is a fixed point, then w(z) = O*(z) = {z} and, more generally,
if z is a periodic point of period k then w(z) = O*(x).
Ezercise 4. If f is continuous and w(x) = {p} then p is a fixed point.

FEzercise 5. Show that if M is compact then w(z) # 0 for all z € M. Moreover w(zx) is
compact and forward invariant (y € w(x) implies f(y) € w(x)).

The case in which w(z) is the whole space is a special and quite important situation.
Thus we make the following definitions.

Definition 6. Let M be a topological space and f : M — M a map. We say that the
orbit of z is dense in M if w(x) = M. We say that f is transitive if there exists a point
x € M with a dense orbit. We say that f is minimal if every point x € M has a dense
orbit.

1.3 Fundamental examples

We give here three basic examples which we will study in more detail during this course.

1.3.1 Contracting maps
Let M be a metric space with metric d(-, -).
Definition 7. A map f: M — M is a contraction if there exists A € [0, 1) such that

d(f(2)), f(y)) < Ad(z,y)
for all z,y € M.

For contractions we have the following well known result which we formulate here using
the notions introduced above.



Proposition 1.1 (Contraction Mapping Theorem). Let M be a complete metric space and
f: M — M a contraction. Then there exists a unique fized point p € M and w(x) = {p}
for all x € M.

Sketch of proof. Let x € M be an arbitrary point.
1. The forward orbit O (x) = {f"(z) }nen of z forms a Cauchy sequence.
2. Any accumulation point of O (z) is a fixed point.
3. A contraction can have at most one fixed point.

Therefore every orbit converges to a fixed point and since this point is unique all orbits
converge to the same fixed point. ]

This result therefore completely describes the asymptotic behaviour of all initial condi-
tions from a topological point of view. The fixed point p has the property that it attracts
all points in the space. In more general situations we may have the existence of fixed
points which do not attract every point but only some points in the space. We formalise
this notion as follows.

Definition 8. Let p be a fixed point. The (topological) basin of attraction of pis B, := {z :
w(x) = {p}}. The point p is a locally attracting fixed point if B, contains a neighbourhood
of p and a globally attracting fixed point if B, is the whole space.

Remark 3. The notion of an attracting fixed point can be generalized to periodic points.
If p = pp is a periodic point of prime period n with periodic orbit P = {pg, p1, ..., pn_1} we
can define the (topological) basin of attraction as Bp = {z : w(z) = P} and say that the
orbit is attracting if Bp contains a neighbourhood U of P. Notice that in this case, the
basin will contain neighbourhoods U; of each point p; € P made of points whose forward
orbits converge to the forward orbit of p;.

1.3.2 Circle rotations

Let S' = R/Z denote the unit circle. For any a € R we define the map f, : S' — S! by
falx) =2+ .

Then the iterates of f, have the form
fi(@) =2 +na

and the dynamics of f, depends very much on the parameter «.

Proposition 1.2. The dynamics of f, exhibits the following dichotomy.

1. « is rational if and only if every x is periodic,



2. « s irrational if and only if every x is dense.

Sketch of proof. 1. If @ = p/q is rational we have fi(z) =z +qga =z +p =2 mod 1
and so every point is periodic (of the same period ¢). Conversely, if x is periodic,
there exists some ¢ such that f"(x) = r+qa =2 mod 1 and so g« =0 mod 1 and
so o must be of the form p/q.

2. If there exists even one point x with dense orbit, then the orbit is not period and so
a cannot be rational and so must be irrational. Conversely, suppose « is irrational
and let x be an arbitrary point. To show that the orbit of x is dense, carry out the
following steps.

(a) Let e > 0 and cover the circle S' with a finite number of arcs of length < €. Since
«is irrational, the orbit of x cannot be periodic and so is infinite. Therefore there
must be at least one such arc which contains at least two point f7(x), f*(x) of
the orbit of z.

(b) The map f»~™ is a circle rotation f5 for some § < e.
(c) The orbit of x under fs is therefore e-dense.

(d) Every point on the orbit of x under fs is also on the orbit of z under f, and
therefore the orbit of x under f, is also e dense.

(e) € is arbitrary and so the orbit of z is dense.

1.3.3 Expanding maps
Let x € N, x > 2 and define f,. : S' — S! by

fu(z) = K.

For simplicity we consider the case kK = 10 and let f = fio because the dynamics can then
be studied very explicitly using the decimal representation of real numbers. The other
cases all have very similar dynamics as can be seen by using the base x representation of
real numbers.

Exercise 6. Show that f has an periodic orbits of any given period. Show that f is
transitive.

1.4 Probabilistic structures

The topological description of the dynamics described above provides a lot of useful and
interesting information but in some cases also misses certain key features of the systems
under consideration. More specifically, except for the special case of fixed or periodic
orbits, it does not contain any information about the frequency with which a given orbit
visits specific regions of the space. We introduce here some concepts and terminology to
formalize this notion.



1.4.1 Probability measures

If M is a metric space then there is also a well defined Borel sigma-algebra and we can
define the set
M = {p : p is a Borel probability measure on M }.

Definition 9. The Dirac-0 measure 0, on a point x € M is defined by

5,(A) = lifze A
U oifz ¢ A

for any Borel measurable set A C M.

In particular M # () since it contains for example all Dirac-0 measures. If M has
some additional structure, such as that of a Riemannian manifold, then it also contains
the normalised volume which we generally refer to as Lebesgue measure.

1.4.2 Time averages

If M is a metric space and f : M — M is a map, then for any x € M we can define the
sequence of probability measures

1 n—1
() = =D Opita) (1)
=0

The measure u,, € M is then just a uniform distribution of mass on the first n points along
the orbit. A natural question is whether this sequence converges and to what it converges
and what the is the dynamical meaning of this convergence. To study this question, recall
that by definition of the weak-star topology, p1, — w if and only if [ odu, — [ @dp for all
p € CY%(M,R). In the particular case in which the sequence p,, is given by the form above,
we have

= = 1 ol ' 1t .
/Spd (E;(Sﬂ(m)> = ﬁ;/gpdéﬂ(z) = E;/g@(fl(x)) = E;/Spofl($).

Thus the convergence of the probability measure p,, to a probability measure p is equivalent
to the convergence of the terms

LY [eorw @)

to the average [ du when ¢ is a continuous function. The terms (2) are sometimes
called the time averages of the function ¢ along the orbit of the point x and the integral
[ @du is sometimes called the space average of the function ¢ with respect to p and so the
convergence of one to the other is sometimes referred to as the time averages converging
to the space average.

In some cases the time averages behave as they should and in full agreement with the
topological omega limits defined above. We give some simple examples as exercises.



Ezercise 7. If z is a periodic point, then p,(x) converges to the uniform distribution of
Dirac delta measures on the points of the periodic orbit. In particular if x is a fixed point,
then g, (x) — d,.

Ezercise 8. If w(z) = {p} then p,(x) — 0,. In particular, if f : M — M is a contraction
mapping on a complete metric space, them pu,(z) — 9, for every x € M.

Other cases are not so straightforward though they are still expected. For example
for circle rotations f, we have a dichotomy similar to the one described in the topological
study: if « is rational then all points are periodic and thus the averages (1) converge as
described in the exercises above, whereas if « is irrational then they always converge to
Lebesgue measure (though this is not at all obvious and we will give the full proof below).
Expanding maps also have a wide variety of possible behaviour as in the topological case
but some new and very interesting phenomena appears here, namely the fact that for some
orbits the time averages may not converge or may converge to something quite unexpected.

Ezercise 9. Let f(x) = 10x mod 1.
1. Find a point x such that w(x) = [0, 1] and p,(z) — dy.
2. Find a point « such that w(z) = [0,1] and p,(x) = (6o + 61/3)/2.

3. Find a point x such that pu,(z) does not converge.

1.4.3 Physical measures

These examples show that time averages reveal some subtle aspects of the dynamics that
a topological description does not see. One of the key motivation of these notes is to show
that such “pathological” behaviour is indeed exceptional. For example we will show below
that for the map f(z) = 10z mod 1, Lebesgue almost every points are well behaved in
the sense that their time averages converge to Lebesgue measure. However we will also
show that there is an extreme richness of other possible behaviours. For this reason it is
impractical to try to study the convergence of all orbits one at a time, instead it turns out
that it is more convenient to fix a probability measure and attempt to determine which,
if any, points have that particular probability measure as the limit of their time averages.
Thus we define the "basin of attraction” of a probability measure.

Definition 10. For u € M let

n—1
1
B, = {JSGM:EZ(Sfi(x)—),uasn—)oo}

=0

or, equivalently,

B, = {xGM:%i/gpofi(x)%/apd,u \V/QDEC()(M,R)}.



The question is then of when the basin B, of a given measure is non-empty and how
many measures 4 have non-empty basins and whether all point belong to the basin of some
measure (if the time averages of a point do not converge then that point cannot belong to
the basin of any measure).

Example 2. If f: M — M is a contraction on a complete metric space with fixed point p,
then 0, is the only measure which has non-empty basin and B;, = M.

Ezxample 3. If f(x) = x is the identity map, there are an uncountable number of measures
with non-empty basin, namely every Dirac-delta measure 0, has a non-empty basin with
B6z = {51}

These two examples are somewhat extreme. In the first case we have a unique measure
which describes the asymptoptic behaviour of time averages for all other points, whereas
in the second case we have an uncountable number of measures with non-empty basins
but each one does not really give any information about any other point except the point
in the basin. Thus a reasonable “desire” is for systems to have only a few measures with
non-empty basin and for these basins to be as large as possible. In general we cannot hope
for the basins to actually include every single point and thus we need some other natural
version of what we mean by “large”. A natural interpretation of “large” can be given when
the state space of the dynamical system has an underlying reference measure such as the
volume, which we refer to as Lebesgue measure.

Definition 11. A probability measure u € M is called a physical measure if
Leb(®8,,) > 0.

The examples above show that the Dirac delta on an attracting fixed point is a physical
measure and also show that physical measures may not exist in general, such as for the
identity map. We formulate the following question.

When does a dynamical system admit a physical measure?

and, if it does admit physical measures,
How many physical measures does it have?

Note that by definition a system can have at most a countable number of physical measure,
but each of these is in some sense an “attractor” for a certain set of points and therefore
the question is about the number of possible asymptotic distributions of “most” points.

This turns out to be a very challenging problem that has not yet been solved in general
and there are many examples of systems which do not have physical measures. However
it is “hoped” that this is an exceptional situation.

Conjecture 1 (Palis conjecture). Most systems have a finite number of physical measures
such that the union of their basins has full Lebesgue measure.
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In these notes we give an introduction to some of the results and techniques which
have been developed in this direction. In Section 2 we introduce the notion of invariant
measure and of ergodic measure and show that such measures exist under some very mild
assumptions on the dynamical systems. In Section 7?7 we study the basins of attractions
of measures which are both invariant and ergodic and prove a fundamental Theorem of
Birkhoff that these basins are non-empty and are even “large” in the sense that p(%8,) = 1.
In Sections 4 and 5 we consider two examples of one-dimensional dynamical systems (irra-
tional circle rotations and piecewise affine full branch expanding maps) in which Lebesgue
measure itself is invariant and ergodic and therefore, by Birkhoff’s theorem, is a physical
measure. In Section 6 we define a much more general class of full branch maps which are
not piecewise affine but have a “bounded distortion” property, and show that for these
maps Lebesgue measure is still ergodic even if it is not invariant.

2 Invariant Measures

The purpose of this section is to introduce a subset of the space M of probability measures
on M consisting of measures which have particular properties which have some non trivial
implications for the dynamics. For many definition or results we just need to the set M to
be equipped with a sigma-algebra B and the map f : M — M to be measurable. However
in some cases we will assume some additional structure and properties. We always let M
denote the space of probability measure defined on the sigma-algebra B and assume that

e M.
Definition 12. y is invariant if u(f~1(A)) = u(A) for all A € B.

FEzercise 10. Show that if f is invertible then then p is invariant if and only if u(f(A)) =
1(A). Find an example of a non-invertible map and a measure u for which the two condi-
tions are not equivalent.

We give a few simple examples of invariant measures and then prove a result on the
existence of invariant measures and their dynamical implications.

Example 4. Let X be a measure space and f : X — X a measurable map. Suppose
f(p) = p. Then the Dirac measure

1 peA

si={ o 0e

is invariant. Indeed, let A C I be a measurable set. We consider two cases. For the
first case, suppose p € A, then d,(A) = 1. In this case we also clearly have p € f~!(A)
(notice that p might have multiple preimages, but the point p itself is certainly one of
them). Therefore 6,(f '(A) = 1, and the result is proved in this case. For the second
case, suppose p ¢ A. Then §,(A) = 0 and in this case we also have p ¢ f~!(A). Indeed,
if we did have p € f~(A) this would imply, by definition of f~'(A4) = {z : f(z) € A},
that f(p) € A contradicting our assumption. Therefore we have d,(f~'(A)) = 0 proving
invariance in this case.
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Example 5. An immediate generalization is the case of a measure concentrated on a finite
set of points {p1, ..., p,} each of which carries some proportion p1, ..., p, of the total mass,
with p; + -+ -+ p, = 1. Then, we can define a measure dp by letting

ip; €A
Then dp is invariant if and only if p; = 1/n for every i = 1,... n.

Ezxample 6. Let f : M — M be the identity map, then every probability measure is
invariant.

Ezample 7. Let f(z) = x + a mod 1 be a circle rotation. Then Lebesgue measure is
invariant.

Ezample 8. Let I = [0,1], k > 2 an integer, and let f(x) = kx mod 1. Then it is easy
to see that Lebesgue measure is invariant. Notice that f also has an infinite number of
periodic orbits and thus has an infinite number of invariant measures.

Ezxample 9. Let f:[0,1] — [0, 1] given by

D —2x if0<x<.25
flx) =192z —.5 if 25 <z <.75
—2r+4+25 if.7Hh<r<ll1

It is easy to see that the two halves of the interval are each fully invariant and therefore
Lebesgue measure is invariant but not ergodic.

2.1 Existence of invariant measures

We let
Mg :={pe M:pis f-invariant}

and investigate the question of when My # (). To ensure these in general we need to add
some struture.
Then we have the following

Theorem 1 (Krylov-Boguliobov Theorem). Suppose M is a compact metric space and f
is continuous. Then My is non-empty, convexz, compact.!

We start with a key definition and some related results.

Definition 13 (Push-forward of measures). Let f: M — M be the map from the space
of probability measures to itself, defined by

fen(A) = p(f~(4)). (3)
We call f,u the push-forward of by f.

'Recall that M is convex if given any g, 1 € My, letting py == tuo + (1 — t)uy for t € [0,1], then
Mt € ./\/lf.
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Exercise 11. f,u is a probability measure and so the map f, is well defined.

It follows immediately from the definition that p is invariant if and only if f.u = pu.
Thus the problem of the existence of invariant measures is a problem of the existence of
fixed points of f,. We cannot however apply any general fixed point result, rather we will
consider a sequence in M and show that any limit point is invariant. For any u € M and
any ¢ > 1 we also let

Fin(A) == pu(f7'(A)).

We now prove some simple properties of the map f,.
Lemma 2.1. For all ¢ € L'(p) we have [ @d(fup) = [ o fdp.

Proof. First let ¢ = 14 be the characteristic function of some set A C X. Then

[ adthn) = ) = ) = [ 1psindi = [ 140 s

The statement is therefore true for characteristic functions and thus follows for general
integrable functions by standard approximation arguments. More specifically, it follows
immediately that the result also holds if ¢ is a simple function (linear combination of
characteristic functions). For ¢ a non-negative integrable function, we use the fact that
every measurable function ¢ is the pointwise limit of a sequence ¢,, of simple functions; if
f is non-negative then ¢, may be taken non-negative and the sequence {¢, } may be taken
increasing. Then, the sequence {¢, o f} is clearly also an increasing sequence of simple
functions converging in this case to @ o f. Therefore, by the definition of Lebesgue integral
we have [ ¢, d(f.p) — [@d(fp) and [ @m0 fdu — [ @o fdu Since we have already proved
the statement for simple functions we know that [ ¢, d(fin) = [ ¢, 0 fdp for every n and
therefore this gives the statement. For the general case we repeat the argument for positive
and negative parts of ¢ as usual. O

Corollary 1.1. f, : M — M 1is continuous.

Proof. Consider a sequence p, — g in M. Then, by Lemma 2.1, for any continuous
function ¢ : X — R we have

/s@d(f*un) :/sOOfdun —>/900fdu=/90d(f*u>

which means exactly that f.u, — f.u which is the definition of continuity. ]
Corollary 1.2. p is invariant if and only if [ o fdu= [@du for all ¢ : X — R cts.

Proof. Suppose first that p is invariant, then the implication follow directly from Lemma
2.1. For the converse implication, we have that

/wduz/wfdu:/wdf*u
13



for every continuous function ¢ : X — R. By the Riesz Representation Theorem, measures
correspond to linear functionals and therefore this can be restated as saying that p(y) =
fapt(p) for all continuous functions ¢ : X — R, and therefore p and f.u must coincide,
which is the definition of p being invariant. O

Proof of Theorem 1. Recall first of all that the space M of probability measures can be
identified with the unit ball of the space of functionals C*(M) dual to the space C°(M,R)
of continuous functions on M. The weak-star topology is exactly the weak topology on
the dual space and therefore, by the Banach-Alaoglu Theorem, M is weak-star compact
if M is compact. Our strategy therefore is to use the dynamics to define a sequence of
probability measures in M and show that any limit measure of this sequence is necessarily
invariant. For an arbitrary pg € M we define, for every n > 1,

=3 fim )
=0

Since each fiug is a probability measure, the same is also true for j,. By compactness
of M there exists a measure y € M and a subsequence n; — oo with p,, — p. By
the continuity of f. we have f.p,;, — fiu. and therefore it is sufficient to show that also
Jibtn; — p. We write

n;j—1 n;—1 n;j—1
1 J ) 1 J ) 1 J ‘ .
fettn, = f (; > fiuo) =— > [Tm=— (Z fito — po + fﬁuo)
; j —

J =0

:_Zfl o———i-f* Mozu +_+f* Ho

n; U n;

Since the last two terms tend to 0 as j — oo this implies that fiju,, — u and thus fiu = pu
which implies that ;1 € My. The convexity is an easy exercise. To show compactness, sup-
pose that p, is a sequence in M converging to some ;1 € M. Then, by Lemma 2.1 we have,
for any continuous function ¢, that [ f o pdu = lim, e [ f 0 @dp, = lim, o0 [ fdu, =
f fdu. Therefore, by Corollary 1.2, p is invariant and so p € M. O

2.2 Poincaré Recurrence

Historically, the first use of the notion of an invariant measure is due to Poincaré who
noticed the remarkable fact that it implies recurrence.

Theorem (Poincaré Recurrence Theorem, 1890). Let pu be an invariant probability measure
and A a measurable set with u(A) > 0. Then for p-a.e. point x € A there exists T > 0
such that f™(x) € A.

Proof. Let
Ay={z e A: fM(x) ¢ Aforall n>1}.

14



Then it is sufficient to show that u(Ag) = 0. For every n > 0, let A, = f~"(Ap) denote
the preimages of Ayg. We claim that all these preimages are disjoint, i.e. A, N A,, = () for
all m,n > 0 with m # n. Indeed, supppose by contradiction that there exists n > m > 0
and x € A, N A,,. This implies

(@) € f"(An N Ay) = f"(f"(Ao) N fT™(Ao)) = Ag N [ (Ao)

But this implies Ag N [ (Ap) # 0 which contradicts the definition of Ay and this proves
disjointness of the sets A,. From the invariance of the measure u we have p(A,) = p(A)
for every n > 1 and therefore

1=puX) = N(U A,) = ZN(An) = ZM(A

Assuming p(A) > 0 would lead to a contradiction since the sum on the right hand side
would be infinite, and therefore we conclude that pu(A) = 0. O

Ezercise 12. The finiteness of the measure p plays a crucial role in this result. Find an
example of an infinite measure space (X B , ft) and a measure-preserving map f : XX
for which the conclusions of Poincare’s Recurrence Theorem do not hold.

Remark 4. Tt does not follow immediately from the theorem that every point of A returns
to A infinitely often. To show that almost every point of A returns to A infinitely often
let A” = {x € A : there exists n > 1 such that f*(z) ¢ A for all k > n} denote the set
of points in A which return to A at most finitely many times. Again, we will show that
w(A”) = 0. First of all let A” ={z € A: f*(x) € Aand f*(z) ¢ A for all k > n} denote
the set of points which return to A for the last time after exactly n iterations. Notice that
A! are defined very differently than the A),. Then A” = A{UAJUALU--- =] 2, A/ It is
therefore sufficient to show that for each n > 1 we have pu(A”) = 0. To see this consider the
set f"(A”). By definition this set belongs to A and consists of points which never return
to A. Therefore u(f™(A”)) = 0. Moreover we have we clearly have A C f="(f"(A"))
and therefore, using the invariance of the measure we have p(A”) < u(f~"(f"(AL))) =

p(f"(Ay)) = 0.

2.3 Convergence of time averages

Theorem 2 (Birkhoff, 1931). Let u be an f-invariant measure and ¢ € L'(u). Then

of(r) = lim — ngof’

n—oo N,

exists for p-almost every x.

We first prove a technical lemma. Let

T:={AeB:f(A)=A}
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be the collection of fully invariant sets of B and notice that Z is a sub-c-algebra. For
Y € L'(u) let Y < p denote the measure which has density 1 with respect to u, i.e.
W = dipp/dp is the Radon-Nykodym derivative of ¢ u with respect to p. Let ¥u|zr and plz
denote the restrictions of these measures to Z. Then clearly ¥u|z < p|z and therefore the
Radon-Nykodim derivative

- dipi|z

g =
dulz
exists. This is also called the conditional expectation of ¢ with respect to Z

Remark 5. Notice that we can repeat the same procedure with ¢z and get that (¢¥7)r = 1.
Also, the full orbit of every point

Ox)=J U @)

is an “indecomposable” element of the sigma-algebra Z and thus 7 cannot take different
values at distinct points of O(x) and in particular 17 must be constant along orbits, i.e.

Yrof =11
We now prove the main technical step in the proof of Theorem 2.

Lemma 2.2. Suppose 1z <0 (resp ¥z > 0). Then

n—oo

n—1 n—1
1 1
limsupﬁ E Yo ffx) <0 (resp. hﬂgfﬁ E Yo ff(x) > O>
i=0 i=0

for p almost every x.

Proof. Let
k-1

‘I’n:f?gf{;wof} and A:={z:V¥, — oo}

Then, for x ¢ A, U,, is bounded above and therefore
1 = v
lim sup — ZQ/J o f¥ <limsup —= <0
n n

n—00 - n—00
i=0

So it is sufficient to show that p(A) = 0. To see this, first compare the quantities

k—1 k—1 k
_ i _ i1 | _ i
\I/n+1—1§11£12§+1{;1/)of} and \I/nof_lrggéxn{;@/}of }_1I£l?§}$z{z;wof}

The two sums are almost exactly the same except for the fact that W,.; includes the
quantity ¥ (x) and therefore we have

b+ U, o0f W,0f>0
\Ijn-i—l: .
” W, 0 f <0
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We can write this as
U1 —¥,0f=1%—min{0,¥,o0 f}

Then of course, A is forward and backward invariant, and this in particular A € Z and
also ¥,, o f — oo on A and therefore ¥, ,; — ¥, 0 f | 9 for all x € A. Therefore, using the
invariance of p, by the Dominated Convergence Theorem, we have

/\I’n+1—‘1’ndﬁb=/‘1’n+1—‘1’nofdﬂ—>/¢dﬂz/¢zdﬂl
A A A A

By definition we have ¥, 1 > W, and therefore the integral on the right hand side is > 0.
Thus if 17 < 0 this implies that p(A) = puz(A) = 0. Replacing ¢ by — and repeating the
argument completes the proof.

]

Proof of Proposition 2 . Let ¢ := ¢ — @1 — €. Since (¢r)z = ¢z we have 7 = —e < 0.
Thus, by Lemma 2.2 we have

n—1 n—1
1 1
lim sup — g Yo f¥(z) = limsup — E wo fH(x) —pr—e<0
n
=0 =0

n—oo 1 ; n—00

and therefore

for v almost every x. Now, letting ¢ := —¢ + ¢z 4+ € we have 7 = € > 0 and therefore
again by Lemma 2.2 we have

n—1 n—1
o] " | .

=3 — _lim >
hgllnfn;()wOf lix mfng()wf +or+e=0

which implies
n—1

o1 k
— <
hgn inf - E_O po ff<pr+e

for p almost every x. Since € > 0 is arbitrary we get that the limit exists and

n—1
1 )
Sof'—nhjgogz_;SOof = ¢z (5)

for p almost every x. ]
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3 Ergodic Measures

We now introduce the second fundamental definition concerning special properties of mea-
sures.

Definition 14. pu is ergodic if f~'(A) = A and u(A) > 0 implies u(A) =1 for all A € B.

The intuitive meaning of this definition is that the dynamics is “indecomposable”, at
least as far as the measure y is concerned. The condition f~!(A) = A is sometimes referred
to by saying that the set A C M is fully invariant. In non-invertible maps this is much
stronger than assuming forward invariance as the following exercise emphasizes.

Ezercise 13. Show that if A is fully invariant, letting A° := M \ A denote the complement
of A, then f~!'(A¢) = A¢ and that both f(A) = A and f(A°) = A°.

The definitions of ergodicity and invariance are independent of each other but they
both come into their own when they are used together. We start by reviewing some basic
examples and then discuss the structure of ergodic invariant measures and the dynamical
implications of ergodicity.

Ezercise 14. Show that the Dirac-delta measure ¢, on a fixed point is ergodic.
Fzxercise 15. Show that the Dirac-delta measure dp on a periodic orbit is ergodic.

Example 10. Let f be the identity map. The only ergodic measures are the Dirac-delta
measures.

Exercise 16. Let f : [0,1] — [0, 1] given by

D —2x if0<xz<.25
flx)=<2x—.5 if .25 <x<.75
—2x+25 if.7H5<x<1

Show that Lebesgue measure is not ergodic.

As we shall see, ergodic measures have a very important dynamical significance and a
important problem is to establish when certain measures are ergodic. This is extremely
difficult problem and has motivated a high amount of research.

3.1 Birkhoff’s Ergodic Theorem

Theorem 3 (Birkhoff, 1931). Let M be a measure space, f : M — M a measurable map,
and p an f-invariant ergodic probability measure. Then, for every ¢ € L'(u) the limit

n—1
.1 i
pf = lim = sOOf(l’):/sodu
i=0

n—o00 N 4

for u almost every x.
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Remark 6. An immediate application of Birkhoft’s Ergodic Theorem gives that for any
ergodic invariant measure u, and any Borel measurable set A, letting ¢ = 14 be the
characteristic function of A, we have

n—oo N n—oo 1,

lim {1 <0 Pla) € A) =l -3 L(7@) = [ Ladn = (4).

This means that p almost every point has the same asymptotic frequency of visits to the
set A and this frequence is exactly the probability of A.

The proof uses the following simple result.
Lemma 3.1. The following two conditions are equivalent:

1. p is ergodic;

2. if ¢ € LY () satisfies p o f = ¢ for p almost every x then ¢ is constant a.e.
Proof. Suppose first that p is ergodic and let p € L! satisfy po f = ¢. Let

Xpm =0 (k27" (K +1)27™)).

Since ¢ is measurable, the sets Xj ,, are measurable. Moreover, since ¢ is constant along
orbits, the sets X, ,, are fully invariant a.e. and thus by ergodicity they have either zero or
full measure. Moreover, they are disjoint in n and their union is the whole of R and so for
each n there exists a unique k,, such that u(Xy, ) = 1. Thus, letting Y = Npez Xk, n We
have that (YY) = 1 and ¢ is constant on Y. Thus ¢ is constant a.e..

Conversely, suppose that (2) holds and suppose that f~1(A) = A. Let 1, denote the
characteristic function of A. Then clearly 14, € L' and 14 o f = 1,4 and so we either have
14=0a.e. or 14, =1 a.e. which proves that u(A) =0 or 1. O

Proof of Theorem 3. We use the notation used in the proof of Theorem 2. By definition
¢y is invariant along orbits and so, by ergodicity of p and Lemma 3.1, it follows that it
is constant a.e. Moreover, by (5) in the proof of Theorem 2 we have p; = 7 a.e and

therefore vy = [@rdp = [ pzdur = [ edu. O

3.2 Basins of attraction

Birkhoft’s Ergodic Theorem allows us to give a first answer to the question of the existence
of non-empty basins of attraction for probability measures.

Corollary 3.1. If M is a compact Hausdorff space and p an f-invariant ergodic probability
measure, then

1(By) = 1.

Notice that this does not follow immediately from the previous statements since the set
of full measure for which the time averages converge to the space averages depends on the
function.
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Proof. Since M is compact and Hausdorff we can choose a countable dense subset {¢,,}
of continuous functions and let A be the set of full measure such that the time averages
converge for every ¢,,. Then, for any arbitrary continuous function ¢, every z € A, and
arbitrary e > 0, choose ¢, such that sup,c,, [¢(z) — ¢m(2)| < e. Then we have

1 n—1 A 1 n—1 ‘ 1 n—1 . .
= g f@) = > pme (@) + - Y (po fa) — pmo ['@))
=0 1=0 1=0

The first sum converges as n — oo and the second sum is bounded by € and therefore all
the limit points of the sequence on the left are within € of each other. Since € is arbitrary,
this implies that they converge. O

3.3 Ergodic decomposition

We complete this section with a discussion on the existence and structure of the set of
ergodic measures. Let

Er = {p € M : pis invariant and ergodic} C My C M.
Theorem 4. u € & if and only if ju is an extremal’ point of M.

Corollary 4.1. Let M be compact and f : M — M continuous. Then E; # () and there
exists a unique probability measure fi on My such that (Er) = 1 and such that for all
€ My and for all continuous functions ¢ : M — R we have

foon= [ ([ )

The Corollary follows from standard abstract functional analytic results. More pre-
cisely, the fact that & # 0 follows immediately from the Krein-Millman Theorem which
says that every compact convex subset (i.e. M) of a locally convex topological vector
space (i.e. the set of all Borel measures on M) is the closed convex hull of its extreme
elements and thus, in particular, the set £; of extreme elements is non-empty. The decom-
position follows from Choquet’s Theorem which states exactly this decomposition result
for general non-empty compact convex sets.

Proof. Suppose first that p is not ergodic, we will show that it cannot be an extremal
point. By the definition of ergodicity, if p is not ergodic, then there exists a set A with

JUA) = A, [A) = A and  p(A) € (0,1).
Define two measures 1, pio by

u(BnA) W(B 0 A)
mB) == (A7)

2Recall that an extremal point of a convex set A is a point u such that if p = tug + (1 — t)u; for
to, 1 € My with po # p1q thent =0or ¢t = 1.

and  p2(B) =
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w1 and o are probability measures with pq(A) = 1, ua(A°) = 1, and p can be written as
= p(A)pr 4 p(A%)pe

which is a linear combination of i, o:
p=tu + (1 —t)pus with t = u(A) and 1 —t = u(A°).

It just remains to show that p,pe € My, ie. that they are invariant. Let B be an

arbitrary measurable set. Then, using the fact that u is invariant by assumption and that

f~YHA) = A we have

Nl(fil(B» — :U’(f_l(B) n A) — M(f_l(B) N f_l<A)) — :u(f_l(B n A)) — :U’(B N A) — ,U/I(B)
p(A) p(A) p(A) p(A)

This shows that f; is invariant. The same calculation works for ps and so this completes

the proof in one direction.

Now suppose that p is ergodic and suppose by contradiction that p is not extremal so
that g = tug + (1 — t)po for two invariant probability measures 1, uo and some ¢ € (0,1).
We will show that p; = ps = p, thus implying that p is extremal. We will show that
1 = ft, the argument for ps is identical. Notice first of all that py; < p and therefore, by
the Radon-Nykodim Theorem, it has a density hy := du,/dp such that for any measurable
set we have p11(A) = [ 4 hidp. The statement that p; = p is equivalent to the statement
that h; = 1 p-almost everywhere. To show this we define the sets

B:={z:h(z) <1} and C:={z:h(z)>1}

and will show that p(B) = 0 and p(C) = 0 implying the desired statement. We give the
details of the proof of u(B) = 0, the argument to show that x(C) = 0 is analogous. Firstly

B Bnf—1(B) B\f~1B

f1B Bnf—1(B) f~1B\B

Since p is invariant, p;(B) = py(f~'B) and therefore,

B\f~1B f-1B\B
Notice that

p(f B\ B) = p(f~1(B)) = p(f BN B) = p(B) — p(f BN B) = w(B\ f'B).
Since hy < 1on B\ f~'B and and h; > 1 on f~'B\ B and the value of the two integrals is
the same, we must have u(B\ f~'B) = u(f~*B\ B) = 0, which implies that f~'B = B (up
to a set of measure zero). Since pu is ergodic we have u(B) =0 or u(B) = 1. If u(B) =1
we would get

and

1:u1(M):/ hld,u:/hld,u<,u(B):1
M B

which is a contradiction. It follows that p(B) = 0 and this concludes the proof. O]
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4 Unique Ergodicity

In general a given map may have many invariant measures. However there are certain
special, but important, examples of maps which have a unique invariant, and thus er-
godic, measure. A trivial example is constituted by contraction maps in which every orbit
converges to a unique fixed point p, and therefore ¢, is the unique ergodic invariant prob-
ability measure. However there are several other less trivial examples and in this section
we discuss some aspects of these examples.

Definition 15. We say that a map f : X — X is uniquely ergodic if it admits a unique
(ergodic) invariant probability measure.

4.1 Uniform convergence

Theorem 5. Let f: X — X be a continuous map of a compact metric space. Then f is
uniquely ergodic if and only if for every continuous function ¢, the limit

n—o00 N 4

n—1
.1 ;
ppi=lim = po f’ (6)
j=0

exists for every x € X and is independent of x.

Proof of Theorem 5. Supppose first that for any continuous function ¢ the limit ¢ exists
for every x and is independent of . By Birkhoff’s Ergodic Theorem, for every ergodic
invariant probability measure 1 we have ¢ = [ pdu for p a.e. x. But then if yuy, po are
ergodic invariant probability measures this implies [ @du; = [ pdus for every continuous
function ¢ and this implies p; = po. Thus f has only one ergodic invariant probability
measure and so is uniquely ergodic.

Conversely, suppose that f is uniquely ergodic and u is the unique ergodic invariant
probability measure. By Birkhoff’s Ergodic Theorem, ¢s(z) = [ ¢@du for pra.e. z. We
need to show that that this actually holds for every x, i.e. that the sequence

n—1
1 )
=~ vof =y (7)
§=0
as continuous functions, and thus uniformly. Suppose by contradiction that (7) does not

hold. Then by the negation of the definition of uniform continuity, there exists a continuous
function ¢ and € > 0 and sequences z, € X and ny — oo for which

- Dl fin) —op| > €
i=0
Define a sequence of measures
1 nk—l 1 TLk—l
—_ Z5 — 5 iy



Notice that for any @ we have f!d, = dyi(,). Then, for every k we have

ne—1 ng—1 ng—1

1 1 1 i
/gpdz/k - /godﬁk ; o = nk ; /gpdafixk " Z ()

=0
‘/cpduk—gof‘ > €.

for every k. By the weak-star compactness of the space M of probability measures, there
exists a subsequence k; — oo and a probability measure v € M such that v, — v and

and therefore

[t =iz (®)

Moreover, arguing as in the proof of the Krylov-Boguliobov Theorem 1 we get® that
v € M. But, by unique ergodicity we must have v = p and so [ @dv = [@du = ¢y
contradicting (8) and therefore (7) and this completing the proof. O

For future reference we remark that one direction of the Theorem above only needs to
be verified for a dense subset of continuous functions since it implies the statement for all
continuous functions.

Lemma 4.1. Let f : X — X be a continuous map of a compact metric space. Suppose
there exists a dense set ® of continuous functions such that for every ¢ € ® the limit
@y exists for every x and is independent of x. Then the same holds for every continuous
function .

Proof. To simplify the notation we let

n—1
B, (z,p) = %Z wo fi(x).
i=0

By assumption, if ¢ € &, there exists a constant @ = @(p) such that B, (z,p) — @
uniformly in z. Now let ¢) : X — R be an arbitrary continuous function. Since ¢ is dense,
for any € > 0 there exists ¢ € ® such that sup,cy |p(x) — ¥(x)| < e. This implies

B (2, ) = Bn(w, )| <€

3Indeed,

ng.—1 ng.—1 ng.—1
1 < : 1 < . 1 < . 1 iy
— § i _ § : i+1 _ § : %
f*ykj - f* (nk f*émk]) - N, f* 6:Ek]~ - n - f*(smk] + N, (f* ]5xkj - 6zk])

7 =0

and therefore f.vy, — v as j — oo. Since vy; — v by definition of v and f.v; — f.v by continuity of f.,
this implies f.v = v and thus v € M.
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for every z,n and therefore

< e and <€

sup By, (2,¢) — @

z,n

and so in particular

< 2e.

sup B, (z,v) — inf B,,(z, )

,n

Since ¢ is arbitrary, this implies that 9B, (z,) converges uniformly to some constant ).
Notice that the function ¢ and therefore the constant ¢ depends on €, so what we have
shown here is simply that the inf and the sup are within 2¢ of each other for arbitrary e
and therefore must coincide. This shows that (7) holds for every continuous function. O

4.2 Circle rotations

Proposition 4.1. Let f : S' — S! be the circle rotation f(z) = x + a with « irrational.
Then f is uniquely ergodic.

Proof. For any m > 1, consider the functions

Om () := ¥ = cos 2rmax + i2mma
and let ® denote the space of all linear combinations of functions of the form ¢,,. By a
classical Theorem of Weierstrass, ® is dense in the space of all continuous functions, thus
it is sufficient to show uniform convergence for functions in ®. Moreover, notice that for
any two continuous functions ¢, ¥ we have

n—1 n—1

Bl v,2) = 5 S (o) () = = 3 (90 S (@) + 0 [1(2)) = Bl 1) + Balth2).

=0 1=0

Thus, the Birkhoff averaging operator is linear in the observable and therefore to show the
statement for all functions in @ it is sufficient to show it for each ¢,,. To see this, notice
first of all that

_ eme(x+o¢) _ 2mima 2mima 2mimao (l’)

omo f(x) = e e =e Om
and therefore, using |¢,(v)| = 1 and the sum 77 (27 = (1 —2™!) /(1 — z) we get

n—
1
— e
n

1 1 |1 . 627rimna|
7=0

2mimjo| _ : < l 1 : =0
n ’1 _ e27rzma‘ n ‘]_ _ 627rzmoz|

% > oo ()
=0

The convergence is uniform because the upper bound does not depend on x. Notice that
we have used here the fact that « is irrational in an essential way to guarantee that the
denominator does not vanish for any m. Notice also that the convergence is of course not
uniform (and does not need to be uniform) in m. O
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It follows immediately from Birkhoff’s ergodic theorem that the orbit Ot (z) = {z,}52,
of Lebesgue almost every point is uniformly distributed in S' (with respect to Lebesgue)
in the sense that for any arc (a,b) C S' we have

#{0<i<n-—1:z; € (a,b)}
n

— m(a,b).

As a consequence of the uniqueness of the invariant measure, in the case of irrational circle
rotations we get the stronger statement that this property holds for every x € S!.

Proposition 4.2. Let f : S' — S! be the circle rotation f(x) = x + a with « irrational.
Then every orbit is uniformly distributed in S*.

Proof. Consider an arbitrary arc [a,b] C S'. Then, for any € > 0 there exist continuous
functions ¢, : S — R such that ¢ < 1, < ¢ and such that [ — pdm < e. We then
have that

n—1 n—1

o] o1

it 2 () 2 it 3ot = [inz [ =2 [e)
J= J=

and

n—1 n—1
1 1
lim sup — 1,(x;) <limsup — T :/ dmg/ dm+e§/1a T;)+e€
m sup ]E:o fa.)(25) m sup jE:O U(x;) (0 @ fa,0] (%)
Since € is arbitrary, the limit exists and equals [ 1, dm = |b — a| and thus the sequence
is uniformly distributed. ]

4.3 Benford’s distribution

We give an interesting application of the uniform distribution result above. First of all we
define the concept of a leading digit of a number a € R. We define the leading digit of a
as the first non-zero digit in the decimal expansion of a. Thus, if |a| > 1 this is just the
first digit of a. If |a| < 1 this is the first non-zero digit after the decimal point. We shall
use the notation

P(a) = leading digit of a.

Definition 16. We say that the sequence {a;}2, has a Benford distribution if for every
d=1,...,9 we have

B(d) := lim #{Ogign_lzg(&i):d}:1og10(1+1>.

n—o0 n d
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This give the following approximate values:

B(1) = 0.301... ~ 30%

B(2) = 0.176... ~ 17%
B(3) = 0.124... ~ 12%
B(4) = 0.09... ~ 9%
B(5) = 0.079... ~ 8%
B(6) = 0.066... ~ 7%
B(7) = 0.057... ~ 6%
B(8) = 0.051... ~ 5%
B(9) = 0.045... ~ 4%

Notice that
P 1
| 1+-1) =1
> o (14 3)
d=1

so that B(d) are the probabilities of each digit d occuring as a laeding digit.

Remark 7. Remarkably, this distribution is observed in a variety of real-life data, mostly
in case in which there is a large amount of data across several orders of magnitude. It was
first observed by American astronomer Simon Newcombe in 1881 when he noticed that
the earlier pages of logarithm tables, containing numbers starting with 1, were much more
worn that other pages. This was rediscovered by physicist Frank Benford who discovered
that a wide amount of data followed this principle.

Proposition 4.3. Let k be any integer number that is not a power of ten. Then the
sequence {k"}5° | satisfies Benford’s distribution.

We prove the Proposition in the following two lemmas.

Lemma 4.2. Let k be any integer number that is not a power of ten. Then the sequence
{log,o k" mod 1}, is uniformly distributed in S*.

Proof of Proposition 4.3. Notice that log,, k" = nlog,,k and therefore it is sufficient to
show that the sequence {nlog;y k mod 1}3°, is uniformly distributed in S'. Since % is not
a power of 10 the number log,, & is irrational and this sequence can be seen as the sequence
of iterates of zyp = 0 under the irrational circle rotation f(z) = = + log,, k and therefore is
uniformly distributed. ]

Lemma 4.3. Let {a;}32, be a sequence of real numbers and suppose that the sequence
{log,oa; mod 1}5°, is uniformly distributed in S'. Then {a;}32, satisfies Benford’s distri-
bution.

Proof. Notice first of all that for each a; we have
D(a;)) =d <= dI0V <a; < (d+1)10° for some j € Z

Therefore
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P(a;)) =d <= logyd+j <logyar <logo(d+1)+j

or
D(a;)) =d <= logyd <logyya; mod 1 <log,(d+1).

By assumption, {log;,a;} is uniformly distributed and therefore

#{1<i<n:D(a;) =d} #{1 <i<n:log,a; mod 1€ (logy,d,log,,(d+ 1)}

lim = lim
n—00 n n—00 n
d+1 1
= log R log;, <1 + 3) .

5 Full Branch Maps

Definition 17. Let I C R be an interval. A map f : I — I is a full branch map if there
exists a finite or countable partition P of I (mod 0) into subintervals such that for each
w € P the map fli) : int(w) — int(I) is a bijection. f is a piecewise continuous (resp.
C',C?, affine) full branch map if for each w € P the map flinuw) : int(w) — int(l) is a
homeomorphism (resp. C* diffeomorphism, C? diffeomorphism, affine).

5.1 Invariance and Ergodicity of Lebesgue measure

The full branch property is extremely important and useful. It is a fairly strong property
but it turns out that the study of many maps which do not have this property can be
reduced to maps with the full branch property. In this section we start by studying the
case of piecewise affine full branch maps. We will prove the following.

Proposition 5.1. Let f : I — I be a piecewise affine full branch map. Then Lebesque
measure is invariant and ergodic.

Ezample 11. The simplest examples of full branch maps are the maps f : [0,1] — [0, 1]
defined by f(z) = kz mod 1 for some integer £ > 1. In this case it is almost trivial to
check that Lebesgue measure is invariant. In the general case in which the branches have
different derivatives and if there are an infinite number of branches it is a simple exercise.

Exercise 17. Let f : I — I be a piecewise affine full branch map. Then Lebesgue measure
is invariant. We write f/ to denote the derivative of f on int(w). In the general case (even
with an infinite number of branches) we have |w| = 1/|f/|. Thus, for any interval A C [
we have

A=) 1 A Nw =) ,|f—%|| =AY |f—1,| = A1) |wl = |Al.

weP weP weP

Thus Lebesgue measure is invariant.
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Lemma 5.1. Let f : I — I be a continuous (resp. C',C?, affine) full branch map.
Then there exists a family of partitions {P™} | of I (mod 0) into subintervals such that
PW = P, each P™Y is a refinement of P™, and such that for each n > 1 and each
w™ € P™ the map f : lint(wm) int(w™) — int(I) is a homeomorphism (resp. a C*
diffeomorphism, C* diffeomorphism, affine map).

Proof. For n = 1 we let PY) := P where P is the partition in the definition of a full branch
map. Proceeding inductively, suppose that there exists a partition P! satisfying the
required conditions. Then each w1 is mapped by f* 'bijectively to the entire interval
I and therefore w™ Y can be subdivided into disjoint subintervals each of which maps
bijectively to one of the elements of the original partition 7P. Thus each of these subintervals
will then be mapped under one further iteration bijectively to the entire interval I. These
are therefore the elements of the partition P™. ]

Proof of Proposition 5.1. Let A C [0,1) satisfying f~'(A) = A and suppose that |A| > 0.
We shall show that |A| = 1. Notice first of all that since f is piecewise affine, each element
w € P is mapped affinely and bijectively to I and therefore must have derivative strictly
larger than 1 uniformly in w. Thus the iterates f™ have derivatives which are growing
exponentially in n and thus, by the Mean Value Theorem, |w™| — 0 exponentially (and
uniformly). By Lebesgue’s density Theorem, for any € > 0 we can find n = n. sufficiently
large so that the elements of P, are sufficiently small so that there exists some w™ € P™
with |w™ N A| > (1 — €)|w™| or, equivalently, |w™ N A¢| < ew™| or
|w™ N A
— <€
o =
Since f™:w™ — I is an affine bijection we have
W N A f (w0 A
jw] [fr(wn)l
Moreover, f™"(w,) = I and and since f~'(A) = A implies f~'(A°) = A° which implies
f"(A°) = A° we have

Frw™ N A%) = [ (w, N f(A%) = A

We conclude that
Al M (wa DAY ™ N A

= = <e (9)

1| |/ (wn)] jw ™|
This gives |A¢| < e and since € is arbitrary this implies |A°| = 0 which implies |A| = 1 as
required. O

Remark 8. Notice that the “affine” property of f has been used only in two places: two
show that the map is expanding in the sense of Lemma ?7?, and in the last equality of (9).
Thus in the first place it would have been quite sufficient to replace the affine assumption
with a uniform expansivity assumption. In the first place it would be sufficient to have an
inequality rather than an equality. We will show below that we can indeed obtain similar
results for full branch maps by relaxing the affine assumption.
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5.2 Normal numbers

The relatively simple result on the invariance and ergodicity of Lebesgue measure for
piecewise affine full branch maps has a remarkable application on the theory of numbers.
For any number = € [0, 1] and any integer k > 2 we can write

where each z; € {0,...,k — 1}. This is sometimes called the expansion of = in base k and
is (apart from some exceptional cases) unique. Sometimes we just write

= 0.212923 . ..

when it is understood that the expansion is with respect to a particular base k. For the
case k = 10 this is of course just the well known decimal expansion of x.

Definition 18. A number x € [0,1] is called normal (in base k) if its expansion x =
0.x1xox3 ... in base k contains asymptotically equal proportions of all digits, i.e. if for
every 7 =0,...,k — 1 we have that

1 <1 < Ii:'
Hi<i<nim=j}
n

| =

as n — 0.

Exercise 18. Give examples of normal and non normal numbers in a given base k.

It is not however immediately obvious what proportion of numbers are normal in any
given base nor if there even might exist a number that is normal in every base. We will
show that in fact Lebesgue almost every x is normal in every base.

Theorem 6. There exists set N C [0, 1] with [N| =1 such that every x € N is normal in
every base k > 2.

Proof. Tt is enough to show that for any given k& > 2 there exists a set N} with m(Ny) =1
such that every x € N}, is normal in base k. Indeed, this implies that for each k > 2 the
set of points I \ N, which is not normal in base k satisfies m (I \ N;) = 0. Thus the set of
point I \ A which is not normal in every base is contained in the union of all I \ N} and
since the countable union of sets of measure zero has measure zero we have

k=2

m(I\N) <m <U1\Nk> <> m(I\N;) =0.

We therefore fix some k& > 2 and consider the set N}, of points which are normal in
base k. The crucial observation is that the base k expansion of the number x is closely
related to its orbit under the map fi. Indeed, consider the intervals A; = [j/k, (j + 1)/k)
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for j = 0,...,k — 1. Then, the base k expansion x = 0.xyxsx3... of the point z clearly
satisfies
rE€A =1z =]

Moreover, for any ¢ > 0 we have
fZ(ZL') S Aj = Tip1 = 7.

Therefore the frequency of occurrences of the digit j in the expansion of x is exactly the
same as the frequence of visits of the orbit of the point x to A; under iterations of the map
fr. Birkhoft’s ergodic theorem and the ergodicity of Lebesgue measure for f; implies that
Lebesgue almost every orbit spends asymptotically m(A;) = 1/k of its iterations in each of
the intervals A;. Therefore Lebesgue almost every point has an asymptotic frequence 1/k
of each digit j in its decimal expansion. Therefore Lebesgue almost every point is normal
in base k. [

5.3 Uncountably many non-atomic ergodic measures

We now use the pull-back method to show construct an uncountable family of ergodic
invariant measures. We recall that a measure is called non-atomic if there is no individual
point which has positive measure.

Proposition 5.2. The interval map f(x) = 2x mod 1 admits an uncountable family of
non-atomic, mutually singular, ergodic measures.

We shall construct these measures quite explicitly and thus obtain some additional
information about their properties. the method of construction is of intrinsic interest

Definition 19. Let X,Y be two metric spaces and f : X — X and g : Y — Y be two
maps. We say that f and g are conjugate if there exists a bijection h : X — Y such that
ho f = goh. or, equivalently, f = h™ogoh.

A conjugacy h maps orbits of f to orbits of g.
FEzercise 19. Show that if f, g are conjugate, then f"(z) = h™' o g" o h(z) for every n > 1.

In particular a conjugacy naps fixed points to fixed points and periodic points to cor-
responding periodic points. However, without additional assumptions on the regularity of
h it may not preserve additional structure. We that f, g are (Borel) measurably conjugate
if h, h=! are (Borel) measurable, topologically conjugate if h is a homeomorphism, and C”
conjugate, r > 1, if h is a C" diffeomorphism.

Exercise 20. Show that conjugacy defines an equivalence relation on the space of all dy-
namical systems. Show that measurable, topological, and C" conjugacy, each defines an
equivalence relation on the space of dynamical systems.
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Measurable conjugacies map sigma-algebras to sigma-algebras and therefore we can
define a map

he : M(X) = M(Y)

from the space M(X) of all probability measures on X to the space M(Y) of all probabi-
ulity measures on Y, by

hap(A) = p(h™ (A)).
Lemma 5.2. Suppose f,g are measurably conjugate. Then
1. h.p is invariant under g if and only if p is invariant under f.
2. hyp is ergodic for g if and only if p is ergodic for f.

Proof. Exercise. (Hint: Indeed, for any measurable set A C Y we have uy (g '(A)) =

px (b= (g7 (A)) = px((hleg™)(A)) = px((goh)~'(A)) = ux((hOf)_ (4)) = px(f71(h71(4))) =
px(h™t(A) = uy(A). ). For ergodicity, let A CY satlsfy g (A A Then, it’s preimage

) =
by the conjugacy satisfies the same property, i.e. f~1(h7'(A4)) = h7'(A). Thus, by the
ergodicity of u we have either u(h™*(A)) =0 or u(h™'(A)) = 1. O

Ezxample 12. Define the Ulam-von Neumann map f : [-2,2] — [—2,2] by
f(z) =2? - 2.

Consider the piecewise affine tent map T :[0,1] — [0, 1] defined by

2z
T(z) = ’
() {2 — 2z,

Notice that A is a bijection and both h and h~! are smooth in the interior of their domains of
definition. Moreover, if y = h(z) = 2cosmz, then z = h™'(y) = 7~ cos™!(y/2). Therefore

W) = eost (THED) - Lo (L2enml22)

™ ™

1
2
1

IAN A

z
z

o= O
IAINA

1
= —cos *(2cos? mx — 1) = = cos '(cos 27x) = T'(x).
T T

For the last equality, notice that for z € [0, 1/2] we have 27z € [0, 7] and so 7! cos™!(cos 27z) =

2z. On the other hand, for z € [1/2,1] we have 27z € [r, 27| and so cos™!(cos2mz) =
— cos™(cos(2mz—27)) = — cos™*(cos 2m(x—1)) = —2m(z—1) and therefore 7! cos™*(cos 27z) =
—2(r—1)=—-2x—2.

Thus, any ergodic invariant measure for 7' can be “pulled back” to an ergodic invariant
measure for f using the conjugacy h. Using the explicit form of h~! and differentiating,

we have
—1 2 -1

= _2
0 = = = L

4
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and therefore, for aninterval A = (a, b) we have, using the fundamental theorem of calculus,

hmm@:mmﬂ@n:/ﬂmlﬂ@ux:%/:ﬁ%iﬁx

Thus p = hym is invariant and ergodic for f.

We now apply the method of defining measures via conjugacy to piecewise affine maps.
For each p € (0,1) let I®) = [0,1) and define the map f, : I?) — ) by

s {%x for0<z<p
p— 1
Tpx—ﬁ forp<z<l1.

Lemma 5.3. For any p € (0,1) the maps f and f, are topologically conjugate.

Proof. This is a standard proof in topological dynamics and we just give a sketch of the
argument here because the actual way in which the conjugacy h is constructed plays a
crucial role in what follows. We use the symbolic dynamics of the maps f and f,. Let

1" =[0,p) and I” = (p,1].

Then, for each 2 we define the symbol sequence (zP2P2{” .. ) € ©F by letting

x('p) _ 0 if fZ(ZL‘) S ]ép)
' 1if fi(z) e 1.

This sequence is well defined for all points which are not preimages of the point p. Moreover
it is unique since every interval [z, y| is expanded at least by a factor 1/p at each iterations
and therefore f™([x, y]) grows exponentially fast so that eventually the images of f"(x) and
f™(y) must lie on opposite sides of p and therefore give rise to different sequences. The
map f : [ — I is of course just a special case of f, : [?) — [?) with p = 1/2. We can
therefore define a bijection

hy: I® — T
which maps points with the same associated symbolic sequence to each other and points
which are preimages of p to corresponding preimages of 1/2.
FEzercise 21. Show that h, is a conjugacy between f and f,.
FEzercise 22. Show that h, is a homeomorphism. Hint: if x does not lie in the pre-image
of the discontinuity (1/2 or p depending on which map we consider) then sufficiently close
points y will have a symbolic sequence which coincides with that of x for a large number of
terms, where the number of terms can be made arbitrarily large by choosing y sufficiently
close to x. The corresponding points therefore also have symbolic sequences which coincide
for a large number of terms and this implies that they must be close to each other.

From the previous two exercises it follows that h is a topological conjugacy. O
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Since h, : [ (?) — ] is a topological conjugacy, it is also in particular measurable
conjugacy and so, letting m denote Lebesgue measure, we define the measure

tp = h,m.

By Proposition 5.1 Lebesgue measure is ergodic and invariant for f, and so it follows from
Lemma 5.2 that p, is ergodic and invariant for f.

FEzercise 23. Show that 11, is non-atomic.

Thus it just remains to show that the p, are mutually singular.
Lemma 5.4. The measures in the family {1, }pe0,1) are all mutually singular.

Proof. The proof is a straightforward, if somewhat subtle, application of Birkhoft’s Ergodic
Theorem. Let

A, = {2z € I whose symbolic coding contain asymptotically a proportion p of 0’s}
and
Az(jp) ={zel () whose symbolic coding contain asymptotically a proportion p of 0’s}

Notice that by the way the coding has been defined the asymptotic propertion of 0’s in
the symbolic coding of a point x is exactly the asymptotic relative frequency of visits of
the orbit of the point x to the interval Iy or I(gp ) under the maps [ and f, respectively.
Since Lebesgue measure is invariant and ergodic for f,, Birkhoff implies that the relative

frequence of visits of Lebesgue almost every point to Iép ) is asymptotically equal to the
Lebesgue measure of Iép ) which is exactly p. Thus we have that

m(AP) = 1.

p

Moreover, since the conjugacy preserves the symbolic coding we have
A, = h(AP).
Thus, by the definition of the pushforward measure
pp(Ap) = m(h™(Ap)) = m(h~ (M(AP))) = m(AP) = 1.

Since the sets A, are clearly pairwaise disjoint for distinct values of p it follows that the
measures f, are mutually singular.

]

Remark 9. This example shows that the conjugacies in question, even though they are
homeomorphisms, are singular with respect to Lebesgue measure, i.e. thay maps sets of
full measure to sets of zero measure.
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6 Distortion

6.1 The Gauss map
Let I = [0,1] and define the Gauss map f: 1 — I by f(0) =0 and

1

f(z) =— mod 1
x

if x # 0. Notice that for every n € N the map

f:( ! 1}—>(0,1]

n+1'n

is a diffeomorphism. In particular the Gauss map is a full branch map though it is not
piecewise affine. Define the Gauss measure pg by defining, for every measurable set A

1 1
A) = dz.
Hal(A) log2/Al—|—x *

Theorem 7. Let f: I — I be the Gauss map. Then ug is invariant and ergodic.

Lemma 6.1. uqg 1s invariant.

Proof. 1t is sufficient to prove invariance on intervals A = (a,b). In this case we have

I 1 1+
A) = dr = 1
Ha(4) logQ/a 1+ v log 2 Ogl—i—a

Each interval A = (a,b) has a countable infinite of pre-images, one inside each interval of
the form (1/n+1,1/n) and this preimage is given explicitly as the interval (1/n+b,1/n+a).
Therefore

) (11 1 & 1+ 5
palf ™ (a.0) = o (U (n+b’n+a)>zlog2210g(1+i>

n=1 n=1 n+b

L, ﬁ n+a+1l n+b
= o
log 2 gn:1 n+a n+b+1

L (l+a+l 14b 24a+1 2+)
= O,
g2 ®\ 1+a 1+b+1 2+a 2+b+1
1 140

= = b).

We now want to relax the assumption that f is piecewise affine.
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Definition 20. A full branch map has bounded distortion if

sup sup  sup log|Df"(z)/Df"(y)| < oo. (10)

n>1 (M) ep™) g yecw(n)

Notice that the distortion is 0 if f is piecewise affine so that the bounded distortion
property is automatically satisfied in that case.

Theorem 8. Let f: I — I be a full branch map with bounded distortion. Then Lebesque
measure is ergodic.

Lemma 6.2. Let f : I — I be a measurable map and let i1, o be two probability measures
with py < po. Suppose s is ergodic for f. Then py is also ergodic for f.

Proof. Suppose A C I with pu1(A) > 0. Then by the absolute continuity this implies
p2(A) > 0; by ergodicity of us this implies ps(A) = 1 and therefore ps(I\ A) = 0; and so
by absolute continuity, also p; (I \ A) = 0 and so p1(A) = 1. Thus py, is ergodic. O

6.2 Bounded distortion implies ergodicity

We now prove Theorem 8. For any subinterval J and any n > 1 we define the distortion
of f*on J as

D(f," J) := sup log |Df"(x)/Df"(y)|

z,yeJ

The bounded distortion condition says that D(f", w™) is uniformly bounded. The distor-
tion has an immediate geometrical interpretation in terms of the way that ratios of lengths
of intervals are (or not) preserved under f.

Lemma 6.3. Let D = D(f", J) be the distortion of f™ on some interval J. Then, for any
subinterval J' C J we have

Proof. By the Mean Value Theorem there exists z € J' and y € J such that |Df"(x)| =
/(IO and [Df"(y)| = " (J)|/]J]. Therefore
O OO DS ()]
O DI D)

From the definition of distortion we have e=? < |Df"(z)|/|Df"(y)| < eP and so substi-
tuting this into (11) gives

(11)

o1 o
ST S

and rearranging gives the result. ]
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Lemma 6.4. Let f : [ — I be a full branch map with the bounded distortion property.
Then max{|w™|;w™ € P™} — 0 asn — 0

Proof. First of al let 6 = max,ep |w| < |I| Then, from the combinatorial structure of
full branch maps described in Lemma 5.1 and its proof, we have that for each n > 1
fM(w™) =TI and that f*~*(w™) € P, and therefore |f*1(w™)| < § and |[f* 1w\
w™|)| > |I| = § > 0. Thus, using Lemma 6.3 we have

(n—1) (n) n—1(,,(n=1) (n) —
NG PN =6
jw =] [fr M wi=)) 1|
Then . .
R T ) e B P A SO
|w("—1)| ‘w("—l)‘ |w(n)| - '
Thus for every n > 0 and every w™ C w®™ Y we have |w™|/|w™ V| < 7. Applying
this inequality recursively then implies |w™| < 7|w™ V| < 72w 2| < ... < W] <
T A O

Proof of Theorem 8. The proof is almost identical to the piecewise affine case. The only
difference is when we get to equation (9) where we now use the bounded distortion to get

AL _ @A A ol VAL o, )
1| |7 (wn) |oon]
Since ¢ is arbitrary this implies m(A°¢) = 0 and thus m(A) = 1. O

6.3 Sufficient conditions for bounded distortion

In other cases, the bounded distortion property is not immediately checkable, but we give
here some sufficient conditions.

Definition 21. A full branch map f is uniformly expanding if there exist constant C; A > 0
such that for all z € I and all n > 1 such that z, f(x),..., " *(z) ¢ OP we have
(") (z)] = Ce.

Theorem 9. Let f be a full branch map. Suppose that f is uniformly expanding and that
there exists a constant IC > 0 such that

sup sup | f*(x)|/|f (y)|* < K. (13)

WEP z,ycw
Then there exists KK > 0 such that for every n > 1,w™ € P™ and z,y € w™ we have

DI < oy priy < £
log 5 ] < K1) = )] < K. (14

In particular f satisfies the bounded distortion property.
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Lemma 6.5. The Gauss map is uniformly expanding and satisfies (13).

Proof. We leave the verification that the Gauss map is uniformly expanding as an exercise.
Since f(z) = 7! we have f'(x) = —x2 and f”(z) = 2273. Notice that both first
and second derivatives are monotone decreasing, i.e. take on larger values close to 0.
Thus, for a generic interval w = (1/(n + 1),1/n) of the partition P we have |f"(x)| <
f"(1/(n+1)) = 2(n+1)* and |f'(y)| > |f'(1/n)| = n®. Therefore, for any =,y € w we
have | f”(x)|/|f'(y)|* < 2(n+1)3/n* < 2((n+1)/n)*>(1/n). This upper bound is monotone
decreasing with n and thus the worst case is n = 1 whch gives |f”(z)|/|f (y)]? < 16 as
required. ]

The proof consists of three simple steps which we formulate in the following three
lemmas.

Lemma 6.6. Let f be a full branch map satisfying (13). Then, for allw € P, x,y € w we
have )
f'x)
f'(y)
Proof. By the Mean Value Theorem we have |f(z) — f(y)| = |f'(&)||z — y| and |f'(z) —
7)) = |£(@)l|z — y] for some &, € [r,y] C w. Therefore
/" (&)
(&)

Assumption (13) implies that |f”(&)|/]f' (&) < K|f(€)] for all £ € w. Choosm
and substituting this into (16) therefore gives |f'(z) — f'(v)| = K|f' (v)||f(x) —
dividing through by |f'(y)| gives the result.

1\ < KIJ(@) - f)] (15)

() = F'(y)l = [f(x) = f(y)l. (16)

AO‘Q
7anY

Il

<

O]
Lemma 6.7. Let f be a full branch map satisfying (15). Then, for anyn > 1 and w™ € P,
we have

Dist(f ) < ICZ |fi(z) — fi( (17)
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Proof. By the chain rule f™(z) = f'(z)- f'(f(2))--- f/(f* ' (x)) and so
et = o =35+ 7
Sl 200 10
_ Zlog f’(f’(?zfl ;‘)’ ') ‘

PP @) — P W)
SZ@( P (W) +Q

[f(f'() = ['(f' (W)l
- Z 1F(f(y)
f'(x) _

using log(l +z) < x
fi ()l ()

iy | = L= o

]

Lemma 6.8. Let f be a uniformly expanding full bmnch map. Then there exists a constant
K depending only on C, X, such that for alln > 1, w™ € P, and z,y € w™ we have

Zw )| < K[f"(@) — f"(y)l.

Proof. For simplicity, let & := (z,y) C w™. By definition the map f"|; : @ — f(Q) is
a diffecomorphism onto its image. In particular this is also true for each map f" | Fi@) -
fH{(@) — f™(@©). By the Mean Value Theorem we have that

(@) = f" )| = [ @) = [ (@ =1 Gl (@) = CA I f(@)]
for some &,_; € f"7(@). Therefore

D@ = Pl =11@) Z—e-““\f” \<—Z e M ") — ().

6.4 Physical measures

We have proved above that Lebesgue measure is ergodic for every full branch map with
bounded distortion. In particular this implies ergodicity for any absolutely continuous
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probability measure and thus for the Gauss measure which is invariant for the Gauss map.
In general most maps do not have explicit formulae fot eh invariant measure but we show
here that any full branch map with bounded distortion does have an ergodic invariant
probability measure which is absolutely continuous with respect to Lebesgue and thus a
physical measure.

Theorem 10. Let f : [ — I be a full branch map satisfying (14). Then f admits a unique
ergodic absolutely continuous invariant probability measure p. Morever, the density du/dm
of w is Lipschitz continuous and bounded above and below.

We begin in exactly the same way as for the proof of the existence of invariant measures
for general continuous maps and define the sequence

1~

where m denotes Lebesgue measure.

FEzxercise 24. For each n > 1 we have p,, < m. Hint: by definition f is a C? diffeomorphism
on (the interior of) each element of the partition P and thus in particular it is non-singular
in the sense that m(A) = 0 implies m(f~!(A) = 0 for any measurable set A.

Since p, < m we can let

denote the density of u, with respct to m.

Remark 10. The fact that p, < m for every n does not imply that y < m. Indeed,
consider the following example. Suppose f : [0,1] — [0,1] is given by f(z) = z/2. We
alreeady know that in this case the only physical measure is the Dirac measure at the
unique attracting fixed point at 0. In this simple setting we can see directly that wu,, — dg
where p,, are the averages defined above. In fact we shall show that stronger statement
that f'm — 0, as n — oo. Indeed, let yip = m. And consider the measure y; = f.m which
is give by definition by p1(A) = po(f~'(A)). Then it is easy to see that u([0,1/2]) =
po(f71([0.1/2])) = 1o([0,1]) = 1. Thus the measure y; is completely concentrated on the
interval [0,1/2]. Similarly, it is easy to see that u,([0,1/2"]) = ue(]0,1]) = 1 and thus the
measure [, is completely concetrated on the interval [0.1/2"]. Thus the measures p, are
concentrated on increasingly smaller neighbourhood of the origin 0. This clearly implies
that they are converging in the weak star topology to the Dirac measure at 0.

This counter-example shows that a sequence of absolutely continuous measures does
not necessarily converge to an absolutely continuous measures. This is essentially related
to the fact that a sequence of L' functions (the densities of the absolutely continuous
measures ji,) may not converge to an L' function even if they are all uniformly bounded
in the L' norm.

The proof of the Theorem then relies on the following crucial
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Proposition 6.1. There exists a constant K > 0 such that

0 <inf H,(z) <sup H,(z) < K (18)

and for every n > 1 and every x,y € I we have
|Hy(2) — Ho(y)| < K|Hy(2)|d(2,y) < K*d(,y). (19)

Proof of Theorem assuming Proposition 6.1. The Proposition says that the family {H,}
is bounded and equicontinuous and therefore, by Ascoli-Arzela Theorem there exists a
subsequence H,; converging uniformly to a function H satisfying (18) and (19). We define
the measure i by defining, for every measurable set A,

= / Hdm.
A

Then p is absolutely continuous with respect to Lebesgue by definition, its density is
Lipschitz continuous and bounded above and below, and it is ergodic by the ergodicity of
Lebesgue measure and the absolute continuity. It just remains to prove that it is invariant.
Notice first of all that for any measurable set A we have

/Hdm / lim H, dm— lim H, dm

Nj—00 n;—=00 J 4
nj—1
- L1 i
()= i L3 ) = o LS ()

For the third equality we have used the dominated convergence theorem to allow us to pull
the limit outside the integral. From this we can then write

n;—1
_ . 1 iy
p(fH(A) = Tim — % m(f(f(A)
! 7 =0
~ i L ()
- njl—r>nC>0 TL] i1 m
1= 1
~ lim_ (n—j > A ) - n—jm<A>)
1 n;—1
= lim — m(f'(A)
n;j—00 N P
= u(A).
This shows that pu is invariant and completes the proof. O
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It just remains to prove Proposition 6.1. We start by finding an explicit formula for
the functions H,,.

Lemma 6.9. For everyn > 1 and every x € I we have

n—1

1
ZSn(x) where  Sp,(x) == Z D)

1
H,(r) = n
i=1 y—1 ()

Proof. 1t is sufﬁcient to show that S, is the density of the measure f'm with respect to m,
i.e. that fI'm =/ 1 Sndm. By the definition of full branch map, each point has exactly
one prelmage in each element of P. Since f : w — [ is a diffeomorphism, by standard
calculus we have

n n m(f~" w) = 1 m
m<A>=/fn<A>mw\Df [dmand - m(f™"(4) Nw) /A|Dfn<f—"<x>ﬂw>|d'

Therefore

WEP,, wEPn
1 1
_ dm = d d
/Z; s, P T R

Lemma 6.10. There exists a constant K > 0 such that

0 <infS,(z) <sup S,(z) < K

and for every n > 1 and every x,y € I we have
|Su(2) = Su(y)| < K[Sy(x)ld(z,y) < K*d(,y).

Proof. The proof uses in a fundamental way the bounded distortion property (14). Recall
that for each w € P, the map f" : w — [ is a diffeomorphism with uniformly bounded
distortion. This means that |Df"(z)/Df"(y)| < D for any z,y € w and for any w € P,
(uniformly in n). Informally this says that the derivative Df™ is essentially the same
at all points of each w € P, (although it can be wildly different in principle between
different w’s). By the Mean Value Theorem, for each w € P, there exists a £ € w such
that |I| = |Df™(§)||w| and therefore |Df™(£)| = 1/|w| (assuming the length of the entire
interval [ is normalized to 1). But since the derivative at every point of w is comparable
to that at £ we have in particular |Df"(y)| =~ 1/|w| and therefore

Sp(x) = Z nyn ~ ) wl < K.

yef—n w€EPy
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To prove the uniform Lipschitz continuity recall that the bounded distortion property (14)
gives

Df" oy m -
Djﬁﬁjj; < MW <1 4 Kd(f" (), [ (y))-
Inverting x,y we also have
Df"(y) 1 :
~ — Kd(f" "(y)).
ol e e 2 L K@), )
Combining these two bounds we get
B 1| < Kt )

where K = max{K, l:(} For x,y € I we have

1 1
Su@) = Sl = | 3 W‘ > OF

zef—n(x) gef—n

where f"(Z;) =z, ["(:) =y

Df"(%;)
|Df” ‘ Z|Df”$z’ D f™(:)

A

- KZ‘ WWW ) < K; md(% y) = KS,(x)d(z,y).

O
Proof of Proposition 6.1. This Lemma clearly implies the Proposition since
1
|Hn<x>—Hn<y>|:|—ZS» ——ZS )< S0 18i) - Silw)
<= ZKS = H,Kd(z,y) < K*d(z,y).
O

7 Inducing

Most maps, even in one-dimension, are of course not full branch and/or do not satisfy the
bounded distortion property. Thus the result we have proved above apples in principle
only to a small class of systems. It turns out however that such full branch maps are often
embedded in much more general. In this section we explain this idea and give an example
of its application.
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Definition 22. Let f: X — X be a map, A C X and 7 : A — N a function such that
f@(z) € A for all x € A. Then the map F : A — A defined by

F(z) = 7@ (x)
is called the induced map of f on A for the return time function 7.

If A = X then any function 7 can be used to define an induced map, on the other hand,
if A is a proper subset of X then the requirement f7®)(z) € A is a non-trivial restriction.
For convenience, we introduce the notation

A, ={reA:71(x) =n}.

7.1 Spreading the measure

The map F : A — A can be considered as a dynamical system in its own right and
therefore has its own dynamical properties which might be, at least a priori, completely
different from those of the original map f. However it turns out that there is a close
relation between certain dynamical properties of F', in particular invariant measures, and
dynamical properties of the original map f. More specifically, if f: X — X is a map and
F:= f": A — A the induced map on some subset A C X corresponding to the return
time function 7: A — N, and i is a probability measure on A, we can define a measure

oo n—1

=33 filila,)
n=1 i=0

By the measurability of 7 each A, is a measurable set. Observe first of all that for a
measurable set B C X, we have fi(ji|a,)(B) = ji|a,(f74(B)) = a(f~(B) N A,) and
therefore

=3 s )(B) =3 S A BN A,

This shows that p is a well defined measure and also shows the way the measure is con-
structed by "spreading” the measure 1 around using the dynamics. Notice that v is not a
probability measure in general. Indeed, we have

oo n—1 oo n—1 00
=Y YA 0N A) = Y0 Y A = Yo ni(a,) = [ rdi
n=1 =0 n=1 =0 n=1

If 7:= [7dji < oo, L.e. if the inducing time is integrable with respect to ji, then the total
measure is finite and we can normalize it by defining

filila,)- (20)

which is clearly a probability measure. The natural question then concerns the relation
between the measure p and the dynamics associated to the map f.

43



Proposition 7.1. Let X be a measure space, f : X — X a measurable map, f7: A — A
an induced map, and fi a probability measure on A with [ Tdj < co. The following holds.

1. If i is invariant for F then p is invariant for f.
2. If i1 1s ergodic for F' then p is ergodic for f.

Suppose additionally that there exists a reference measure m on X and that [ is non-
singular* with respect to m.

3. If i <K m then p <K m.
As an immediate consequence we have the following

Corollary 10.1. Suppose M is a Riemannina manifold with Lebesque measure m and
f M — M is non-singular with respect to Lebesque measure, and there exists a subset
A C X and an induced map F : A — A which admits an invariant, ergodic, absolutely
continuous probability measure i for which the return time T is integrable, then f admits
an invariant ergodic absolutely continuous probability measure.

Remark 11. Notice that Proposition 7.1 and its Corollary are quite general and in particular
apply to maps in arbitrary dimension.

Proof of Proposition 7.1. To prove (1), suppose that fi is F-invariant, and therefore ji(B) =
fa(F~1(B)) for any measurable set B. We will show first that

ST ABAA) =S Al (B)NA,) (21)

Since the sets A, are disjoint and their union is A, the sum on the right hand side is
exactly ji(B). So we just need to show that the sum on the right hand side is ji(F~*(B)).
By the definition of F' we have

F'B)y={zeA:F)eB}=|J{zeA,: f"(x) e B} = | J(F"(B)nA,).
n=1 n=1
Since the A,, are disjoint, for any measure i we have
A(F(B)) = J (T (B) N A) =D AT (B)NAL)).
n=1 n=1

4We recall that a map f : X — X is non-singular with respect to a measure y if it maps positive
measure sets to positive measure sets: pu(A) > 0 implies p(f(A)) > 0 or, equivalently, m(A) = 0 implies
m(f~1(4)) =0.
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This proves (21) and therefore implies

W1 (B)) = fj A B) A,
= i A(fHB) N AL+ a(fA(B)NA,) + -+ A(f(B) N A,)
- i AFB) N AL + i AF(B) A A
= iiﬂ(fi(f?) NAL) +§ (BNA,)
Y S mnay
_ B,

This shows that u is invariant and thus completes the proof of (1). To prove (2), assume
that /i is ergodic. Now let B C X satisty f~'(B) = B and pu(B) > 0. We will show that
1(B) = 1 thus implying that p is ergodic. Let B = BN A. We first show that

FYB)=B and j(B)=1. (22)
Indeed, f~'(B) = B implies f~*(B) = f~"(B) N f~"(A) = BN f~"(A) and therefore
Fl(B):D(f UBmf mAn):G(BﬂAn):BmA:B
n=1 n=1 n=1

where the third equality follows from the fact that A, := {z : 7(x) = n} C{z: f"(z) €
A} = f~™(A). Now, from the definition of u we have that f~*(B) = B and u(B) > 0 imply
A(BNA,) = a(f~4(B)NA,) > 0 for some n > i > 0 and therefore ji(B) = ((BNA) > 0
Thus, by the ergodicity of ji, we have that (B N A) = ji(B) = 1 and this proves (22),
and thus in particular, letting B¢ := X \ B denote the complement of B, we have that
(BN A) =0 and therefore

co n—1 co n—1

=3 Y A(fTBYNA) =D ) ABNA,) =
n=1 =0 n=1 =0
This implies that u(B) = 1 and thus completes the proof of (2). Finally (3) follows directly
from the definition of pu. ]

7.2 Intermittency maps

We give a relatively simple but non-trivial application of the method of inducing. Let
7 > 0 and consider the map f, : [0,1] — [0, 1] given by

fy(x) =2+ 2" mod 1.
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For v > 0 this can be thought of as a perturbation of the map f(z) = 22 mod 1 (for v = 0)
(though it is a CY perturbation and not a C! perturbation). It is a full branch map, but
it fails to satisfy both the uniform expansivity and the bounded distortion condition since

f;(a:) =1+ (1+7)2"

and so in particular for the fixed point at the origin we have f'(0) = 1 and thus (f™)'(0) =1
for all n > 1. Nevertheless we will still be able to prove the following:

Theorem 11. For any vy € [0,1) the map f, admits a unique ergodic absolutely continuous
wnwvariant probability measure.

We first construct the full branch induced map, then show that it satisfies the uniform
expansivity and distortion conditions and finally check the integrability of the return times.
Let z1 := 1, let 25 denote the point in the interior of [0, 1] at the boundary between the
two domains on which f is smooth, and let {z,}>°, denote the branch of pre images of
2o converging to the fixed point at the origin, so that we have z, — 0 monotonically and
and f(zn41) = T,. For each n > 1 we let A,, = (2,41, x,]. Then, the intervals A, form a
partition of A := (0, 1] and there is a natural induced map F': A — A given by F|a, = f"
such that F': A, — A is a C! diffeomorphism.

Lemma 7.1. F is uniformly expanding.
Proof. Exercise. ]

It remains to show therefore that [’ has bounded distortion and that the inducing times
are integrable. For both of these results we need some estimates on the size of the partition
elements A,. To simplify the exposition, we shall use the following notation. Given two
sequences {a,} and {b,} we use the notation a, ~ b, to mean that there exists a constant
C such that C~'b,, < a,, < Cb, for all n and a,, < b, to mean that a, < Cb,, for all n.

~

Lemma 7.2. z, ~ l/n% and |A,| =~ l/n%ﬂ.

Proof. First of all notice that since z,, = f(2p41) = Tps1 + :c,lh:{ we have
1
|An| = |20 — Tppa| = xn—-n

Also, the ratio between x,, and x,.1 is bounded since
1+
Tn/Tny1 = (Tnt1 + xn-&)/‘xn-i-l =1+ x71+1 —1
as n — 00. So in fact, up to a uniform constant independent of n we have

|A,| ~ :vz:)v for any xm) € A, (23)
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Now consider the sequence 3, = 1/kY7 and let J; = [yri1,¥]. Then, considering the

function g(z) = 1/2'/7 we have ¢'(z) ~ 1 /yx%ﬂ and a straightforward application of the
Mean Value Theorem gives

ot
kv (k+1)

’Jk’ = ‘yk - yk+1‘

1 L\
— o)) =gk + D~ = () =k

Similarly as above we have

Ye/yeir = (K +1)/k)'"7 — 1

as k — oo, and therefore, up to a constant independent of £ we have
| Jk| =~ y(1]$7 for any yuy € Ji (24)

Combining (23) and (24) we see that if A, N J, # 0 then |A,| ~ |J|. This means that
there is a uniform bound on the number of intervals that can overlap each other which

1
means that the sequences z,,, yn have the same asymptotics and so x,, =~ y, = 1/n> and in
particular |A,| ~ z1+7 = 1/n3 . O

Lemma 7.3. There exists a constant D > 0 such that for alln > 1 and all x,y € A,
D n

og 227

D f(y)

Proof. We start with the standard inequality

<D|f"(x) = " ()l

Df*(x)

D (y) — f'(y)]

k—1
‘1og ' <Y |log Df(f(x)) —log Df(f'(y
=0

=0

for some & € (f'(z), f'(y)), where we have used here the Mean Value Theorem and the
fact that D(log Df) = D*f/Df. Since z,y € A, then z;,y; € A,_; and so, by the previous
Lemma we have ' ' X

(@) = fiy)] < [Anmil <1/ (n—10)7"
Moreover, by the definition of f we have

Df(z) =1+ (142" and D*f(z)=7(1+ )"

and therefore, from the fact that & € A,,_; we have

1 1 1
i~ ——, Df(&)=1+—, Df(&)~—
Gr o DIG I DE) S
we get
‘log ka(-’ﬂ) < o D2f(€l)|fz(l‘) . fz(y)| < = M < il
Df*y)| ~ <= Df(&) e R O Eas e




This gives a uniform bound for the distortion but not yet in terms of the distance as
required in the Lemma. For this we now take advantage of the distortion bound just
obtained to get ' '

=yl _ 1f@) ~ PO _ @) — ()]

|An] | A Al

to get in particular ‘ ‘
| (z) = f{(W)] = [Anil| f"(2) — [ (Y)].

Repeating the calculation above with this new estimate we get

D f*(x)
Df*(y)

o5 Bty | < 2 Biey 1Ao7~ I S 176 - )

]

Lemmas 7.1 and 7.3 imply that the map F : A — A has a unique ergodic absolutely
continuous invariant probability measure fi. To get the corresponding measure for y it only
remains to show that [7di < oo. We also know however that the density dji/dm of fi
with respect to Lebesgue measure p is Lipschitz and in particular bounded, and therefore
it is sufficient to show that [ 7dm < co.

Lemma 7.4. For~ € (0,1), the induced map F has integrable inducing times. Moreover,
for every n > 1 we have

o0

m({z:7(z) 2 n}) =) m(A,) S

J=n

1

1
n~
Proof. From the estimates obtained above we have that |A,,| ~ n~ Y. Therefore

/TdZB < Zn|An| ~ Z i;
n no

n

The sum on the right converges whenever v € (0,1) and this gives the integrability. The
estimate for the tail follows by standard methods such as the following

> =1 el | 171 1 1
Z|An| SZ 1. S/ l+1dx% |:—1:| :—l %—l
i oo n—1 T z7lp-1 (=17 no
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7.3 Ulam-von Neumann maps
In example 12 we studied the Ulam-von Neumann map f : [—2,2] — [-2,2] given by
f(z) =2 —2.

We showed there the existence of an absolutely continuous invariant measure by using a
special property of the map, namely the differentiable conjugacy with the tent map. Here
we sketch the construction of an induced map as an alternative method for proving the
same result. Of course this method does not give an explicit formula for the invariant
measure but it is much more general and indeed can be applied also for maps fo the form
fa(x) = 2* — a for other values of the parameter a.

The key idea is to induce on the interval [—p, p| where —p is the fixed point in (—2,2).
To be continued....

8 Positive Lyapunov exponents

Definition 23. Let M be a Riemannian manifold. We say that an invariant probability
measure j is expanding if all its Lyapunov exponents are positive, i.e. for p-almost every
x and every v € T, M \ {0},

1
A(z,v) := limsup - log || D f"(z)v]| > 0. (25)

n—oo

We say that p is regularly expanding if it is expanding and in addition we have
log [|[Df || € L' (). (26)

Theorem 12 (Alves, Dias, Luzzatto, 2010). Let f : M — M be a C? map with a non-
degenerate critical set. Then f admits a uniformly expanding full branch induced map with
bounded distortion if and only if it admits an ergodic reqularly expanding acip.

9 Decay of Correlations

Ergodicity is only the beginning of the story in terms of the statistical properties of dynam-
ical systems. The asymptotic statistical distribution given by Birkhoff’s ergodic theorem
provides some information about the dynamic, but does not distinguish, for example, be-
tween such quite different dynamical systems as an irrational circle rotation and a piecewise
affine uniformly expanding map, both of which admit Lebesgue measure as an invariant
ergodic measure.

Definition 24. For measurable functions ¢, : M — R we define the correlation function

Colip, ) = ‘/w(wOf")du—/wdu/gpdu‘
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We say that the correlation function C, (¢, 1) decays if C,(p,1) — 0 as n — oco. In the
special case in which ¢, are characteristic functions of sets A, B we can write

Co(1a15) = \ [ attso mydn = [ Ladn | 1Bdu'
’ [ ey - / Ladp / 1Bdu‘

= |u(An f7(B)) -

Definition 25. We say that an invariant probability measure p is mizing if

Ca(1a,1p) = [u(AN f7"(B)) — p(A)u(B)| = 0
as n — 0o, for all measurable sets A, B C M.

Mixing has some natural geometrical and probabilistic interpretations. Indeed, dividing
through by u(B) we get
p(AN f(B))

u(B)
as n — oo, for all measurable sets A, B C M, with u(B) # 0. Geometrically, one can
think of f~"(B) as a “redistribution of mass” and the mixing condition says that for
large n the proportion of f~"(B) which intersects A is just proportional to the measure
of A. In other words f~"(B) is spreading itself uniformly with respect to the measure pu.
A more probabilistic point of view is to think of u(A N f~"(B))/u(B) as the conditional
probability of having = € A given that f"(z) € B. The mixing condition then says that this
probability converges to the probability of A, i.e., asymptotically, there is no causal relation
between the two events. This is why we say that a mixing system exhibits stochastic-like
or random-like behaviour.

—u(A) =0

Example 13. It is easy to verify that an irrational circle rotation is not mixing. On the
other hand, the map 2x mod 1 is mixing, though this is not completely trivial to verify.

A natural question is on the rate of decay of the correlations function. In general this
will depend on the functions ¢, .

Definition 26. Given classes By, By of functions and a sequence {~,} of positive numbers
with v, — 0 as n — oo we say that the correlation function C,,(p, %) decays for functions
¢ € By,Y € By at the rate given by the sequence {v,} if, for any ¢, € B there exists a
constant C' = C'(¢, 1) > 0 such that

Cn((p, w> < Cv

for all n > 1.
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For example, if v, = €’ we say that the correlation decays exponentially, if v, = n™v
we say that the correlation decays polhynomially. The key point here is that the rate, i.e.
the sequence {~,} is not allowed to depend on the functions but only on the function class.
Thus the rate of decays becomes in some sense an intrinsic property of the system. It is not
always possible to obtain decay at any specific rate if the class of observables is too large.
For example, if we choose B; = By = L! or any other space of functions that includes
characteristic functions, then given any rate, it is possible to find subsets A, B such that
the correlation function C,(14, 1p) of the corresponding characteristic functions decays at
a slower rate. It is however possible to prove that many piecewise uniformly expanding
one-dimensional maps exhibit exponential decay of correlations for relatively large spaces of
functions such as Holder continuous functions or functions of bounded variation. About a
decade ago, L.-S. Young, showed that the method of inducing can be used also to study the
decay of correlations of maps which may not be uniformly expanding but which admit good
induced maps. More precisely, suppose that Suppose that f : M — M admits an induced
uniformly expanding full branch map F = f7 : A — A satisfying the bounded distortion
property. We have see above that ' admits a unique ergodic acip i with bounded density.
If the return times are Lebesgue integrable [ 7dm < oo then there exists an ergodic acip
u for f. The rate of decay of correlation of i is captured by the rate of decay of the tail
of the return time function. More precisely, we recall that

A, ={reA:7(x)=n}.

Theorem 13. The rate of decay of correlation with respect to pis determined by the regu-
larity of the observables and therate of decay of |A,|. For Hélder continuous observables,
if |An] = 0 exponentially, then the rate of decay is exponential, if |A,| — 0 polynomially,
then the rate of decay is polynomial. For non-Hélder continuous observables the rate slows
down by factors related to the modulus of continuity.

The precise formulation of this statement is contained in several papers.

10 The Quadratic Family

We have seen that, at least in theory, the method of inducing is a very powerful method
for constructing invariant measures and studying their statistical properties. The question
of course is whether the method is really applicable and more generally if there are many
maps with acip’s. Let C?(I) denote the family of C? maps of the interval. We say that ¢ € T
is a critical point if f'(c¢) = 0. In principle, critical points constitute a main obstruction to
the construction and estimates we have carried out above, since they provide the biggest
possible contraction. If a critical point is periodic of period k, then ¢ is a fixed point
for f* and (f*)'(¢) = 0 and so c is an attracting periodic orbit. On the other hand we
have already seen that maps with critical points can have acid’s as in the case of the map
f(z) = x9 — 2 which is smoothly conjugate to a piecewise affine ”tent map”. This map
belongs to the very well studied quadratic family

fa(z) = 2% + a.
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It turns out that any interesting dynamics in this family only happens for a bounded
interval

O =[-2,a"]
of parameter values. For this parameter interval we define
OF :={a € Q: f, admits an ergodic acip u}
and

Q7 :={a €Q: f, admits an attracting periodic orbit}.

Over the last 20 years or so, there have been some quite remarkable results on the structure
of these sets. First of all, if a € QF then p is the unique physical measure and m(B,) = 1,
i.e. the time average of Lebesgue almost every x for a function ¢ converge to [ ¢du. On
the other hand, if a € €2~ then the Dirac measure dp+(,) on the attracting periodic orbit
is the unique physical measure and m(B(;o +(p)) = 1, Lebesgue almost every x converges to
the orbit of p. Thus in particular we have

QN =0.
Moreover, we also have the following results:
Theorem 14. 1. Lebesque almost every a € € belongs to either QF or Q;
2. Q™ 1s open and dense in §);
3. m(QT) > 0.

The last of these statements is actually the one that was proved first, by Jakobson in
1981. He used precisely the method of inducing to show that there are a positive Lebesgue
measure set of parameters for which there exists a full branch induced map with exponential
tails (and this exponential decay of correlations).
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